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Abstract 

We prove the existence of positive periodic solutions for the second order 
nonlinear equation u" + a{x)g{u) = 0, where g{u) has superlinear growth 
at zero and at infinity. The weight function a(x) is allowed to change 
its sign. Necessary and sufficient conditions for the existence of nontrivial 
solutions are obtained. The proof is based on Mawhin’s coincidence degree 
and applies also to Neumann boundary conditions. Applications are given 
to the search of positive solutions for a nonlinear PDE in annular domains 
and for a periodic problem associated to a non-Hamiltonian equation. Q Q 


1 Introduction 

Let := [0,-|-oo[ denote the set of non-negative real numbers and let 
g: R.+ —>• K.+ be a continuous function such that 

( 51 ) S(0) = 0, g(s) >0 for s > 0. 

In the present paper we study the second order nonlinear boundary value prob¬ 
lem 


(^) 


u" -(- a{x)g{u) =0, 0 < x < T, 

SS{u, u') = 0. 
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As linear boundary operator we take 


3S{u,u') = {u'{0),u'{T)) 
or 

^(u, u') = (w(T) — m(0), u'(T) — u'{0)), 

so that we consider the Neumann and the periodic boundary value problems. 
The weight a(x) is a Lebesgue integrable function defined on [0,T]. A solution 
of {^) is a continuously differentiable function u: [0,T] —)• R such that its 
derivative u'{x) is absolutely continuous and u{x) satisfies for a.e. x G [0, T], 
We look for positive solutions of that is solutions u such that u{x) > 0 

for every x G [OiT]. Of course, if a(x) is continuous, then u(x) is a classical 
solution of class C^. In relation to the Neumann and the periodic boundary 
value problems, assumption (gi), which requires that g{s) never vanishes on 
Md := ]0, +oo[, is essential to guarantee that the positive solutions we find are 
not constant. 

Boundary value problems associated to second order differential equations 
of the form 

u” + a{x)g{u) = 0 

arise from many different areas of research, in particular they play a relevant 
role in the study of stationary solutions of reaction-diffusion equations. In this 
context, the search of positive solutions is of great interest in many applications 
to population dynamics and mathematical ecology (see [11I1I2H] and also [T] for 
a recent survey on that topic). 

If u{x) is any positive solution to the BVP {^), then an integration on [0, T] 
yields a(x)g(u(x)) dx = 0 and this fact, in connection with (gi), implies that 
the weight function o(x) (if not identically zero) must change its sign. A second 
relation can be derived when g(s) is continuously differentiable on Rj)". Indeed, 
dividing the equation by g{u{x)) and integrating by parts, we obtain 

I (si^) 

(cf. 121 El). From this relation, if g'{s) > 0 on R)}", we find that a necessary 
condition for the existence of positive solutions is 

r 

/ a(x) dx < 0. 

Jo 

The above remarks suggest that, if we want to find nontrivial positive solu¬ 
tions for with nonlinearities which include as a particular possibility the 
case of g{s) strictly monotone, we have to study problem considering sign- 
indefinite weight functions with negative mean value on [0,T]. 

In this paper we study the case of nonlinearities g{s) which have a superlinear 
growth at zero and at infinity. Boundary value problems of this form are usually 
named of superlinear indefinite type (cf. [5]). In the past twenty years a great 
deal of existence and multiplicity results have been reached in this context, 
mainly with respect to Dirichlet boundary conditions. The starting point for our 
investigation is the following result obtained in |24) for the two-point boundary 
value problem. 
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Theorem 1.1. Assume that {x G [0,T]: a(x) > 0} = 7 ^ 0, where the 

sets Ji are pairwise disjoint intervals, and suppose that 

limsup < Ao and liminf > max A^, ( 1 . 1 ) 

g ^ 0 “^ ^ ^—^+00 s 

where Aq is the jirst eigenvalue of the eigenvalue problem 

tp" + Xa'^ {x)g} = Q, p{Q) = p{T)=Q, ( 1 . 2 ) 

and A) (i = 1,... ,k) is the first eigenvalue of the eigenvalue problem 
if” + \a{x)(f = 0, p\dji = 0. 

Then there is at least one solution to 


u' + a{x)g{u) = 0, m(0) = u{T) = 0, (1-3) 

which is positive on ] 0 ,T[. 

An immediate corollary of this result can be attained by assuming, instead 
of ( 11 . 11 ) . that 

lim = 0 and lim = +c)o, (1-4) 

s— > 0 + S s^+00 s 

which means that g{s) goes to zero (respectively, to infinity) faster than linear. 
As far as we know, there is no counterpart of this theorem for the Neumann or 
the periodic problem Indeed, if we try to mimic the above result for our 

boundary conditions, we have that (EH) reads as 

p" + Xa'^{x)p = 0, p') = Q, 


which has Aq = 0 as first eigenvalue. Hence the assumption on the lim sup in 
(HH) becomes inconsistent in view of condition ( 51 ). 

In the present paper we propose a version of Theorem 11.11 for problem (f3^) 
which can be stated as follows. 

Theorem 1 . 2 . Assume that {x G [0,T]: a{x) > 0} = Uti0^ where the 
sets Ji are pairwise disjoint intervals, and suppose that g{s) is a smooth function 
satisfying (gi) and such that 


lim ^ = 0 and goo ■— lim inf ^ > max A1 
s-»- 0 + s s ^+00 s i=l,...,k 


(with A) as above). Then there is at least one positive solution of {0^) provided 
that /q a(x) dx < 0. 

To be more precise, the assumption that we actually need on the weight 
function a{x) is slightly more general than the one in Theorem ll.2l fsee condition 
(oi) in Section[3]). The condition on the average of a{x) is new with respect to 
the Dirichlet case, but, in relation to the Neumann and the periodic boundary 
conditions, it becomes necessary in a way (at least for nonlinearities with g'{s) > 
0). We underline that the hypothesis of smoothness for g{s) considered in 
Theorem O has been chosen only to simplify the presentation and it can be 
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improved by requiring g(s) continuously differentiable on a right neighborhood 
of s = 0 (as in Theorem 13.21) or only continuous but regularly oscillating at zero 
(as in Theorem 13.II) . 

We notice that Theorem o allows to study both the case of nonlinearities 
which are superlinear at zero and at infinity, as in (na, and that of nonlinearities 
which are only superlinear at zero and with linear growth at infinity. With this 
respect, the following result holds. 

Theorem 1.3. Assume there exists an interval J C [0,T] where a{x) > 0 for 
a.e. X € J and also ^ 

/ a{x) dx < 0 < / a{x) dx. 

Jo J j 

Suppose that g{s) is a smooth function satisfying {gi) and such that 

g'{0) = 0 < g'{+oo) < +oo. 


Then there exists v* > 0 such that for each v > v* the problem 




u" + va{x)g{u) = 0 , 
^(u, u') = 0 


0 < a; < r. 


has at least one positive solution. 

This theorem is sharp in the sense that we can also show that there are 
no positive solutions to problem if the parameter ^ > 0 is small (see 

Corollary 13.71 and Proposition 13.II) . 

The above results are related to some recent theorems (cf. [11] [5511321 03]) 
concerning the existence of positive or sign-changing periodic solutions for sec¬ 
ond order equations of the form 


u” + F{x,u) = 0, (1-5) 

with F(x,0) = 0. Although equation (11.51) has a more general form than the 
equation in {^), our hypotheses on g{s) imply that {dF/du){x,0) = 0, a con¬ 
dition that does not allow to apply some of these results or, when they can be 
applied, it involves solutions of non-constant sign. 

The original proof of Theorem 11.11 was obtained in [53] by a technique based 
on the construction of a pair of non well-ordered lower and upper solutions. In 
our recent paper m we have provided an extension of such a result (also with 
respect to the multiplicity of solutions), using a topological degree approach. 
In [19], thanks to the fact that the operator u i—>■ —u" (subject to the Dirichlet 
boundary conditions) is invertible, we write (II.3p as an equivalent fixed point 
problem in a suitable Banach space and apply directly some degree theoreti¬ 
cal arguments. With respect to problem {^), the linear differential operator 
u I—>■ —u” has a nontrivial kernel made by the constant functions. In such a sit¬ 
uation the operator is not invertible and we cannot proceed in the same manner 
as described above. A possibility, already exploited in [5], is that of perturbing 
the linear differential operator to a new one which can be inverted and then re¬ 
cover the original equation via a limiting process and some careful estimates on 
the solutions. In our case, we have found it very useful to apply the coincidence 
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degree theory developed by J. Mawhin, which allows to study equations of the 
form Lu = Nu, where L is a linear operator with nontrivial kernel and N is 
a nonlinear one. The use of the coincidence degree in the search for positive 
(periodic) solutions is a widely used technique. For instance, in [HI |TT] a coin¬ 
cidence theory on positive cones was initiated and developed, with applications 
to the search of nontrivial non-negative periodic solutions. Our approach, how¬ 
ever, is different and uses the classical technique of extending the nonlinearity 
on the negative reals and, subsequently, proving that the nontrivial solutions 
are positive, via a maximum principle (see Lemma EH). The existence of non¬ 
trivial solutions for the modified equation follows by the additivity property of 
the coincidence degree, showing that the coincidence degree is equal to 1 on 
small balls (this follows from the condition on f a(x)) and it is 0 on large balls 
(this follows from g^c > max ). The advantage in using a topological degree 
approach lies also on the fact that, once we have found an open bounded set 
where the degree is non-zero, we know that such a result is stable under small 
perturbations of the operator. Thus our theorems also apply to equations which 
are small perturbations of the equation in problem (^). For example, we could 
even add to the equation small terms of a functional form, such as terms of 
(non-local) integral type or with a delay. Of course, in such a case, to pro¬ 
vide positive solutions, one should look for a suitable maximum principle. In 
particular. Theorem 11.21 holds for equations as 

u" + (a(x) + e)g(u) = 5u 
for |e| and |<5| small enough. 

The plan of the paper is the following. In Section E] we recall some basic 
facts about Mawhin’s coincidence degree and we state two lemmas for the com¬ 
putation of the degree (see Lemma [2T] and Lemma EH- These results are then 
applied in the second part of the same section to provide an existence theorem 
(see Theorem EH for positive solutions for a general problem of the form 

f u" -\- f{x, u,u') = 0, 0 < X < T, 

^ .^(u, u') = 0. 

The results of Section E] are then employed in Section E] in order to obtain two 
main results for problem under different conditions on the behavior of g{s) 
near zero (see Theorem EH and Theorem EH. Various corollaries and applica¬ 
tions are also derived. In Section |4] we present two different applications where 
we treat separately the Neumann and the periodic problem. More precisely, in 
Section [4.II we prove an existence result of positive radially symmetric solutions 
for a super linear PDF subject to Neumann boundary conditions, while in Sec¬ 
tion SH we provide positive periodic solutions to a Lienard type equation. We 
stress that in this latter case we can give an application of our method to a 
non-variational setting, indeed the associated equation has not an Hamiltonian 
structure. Throughout the paper we focus our study only to the case of the 
existence of nontrivial solutions. It seems reasonable to combine the methods 
recently developed in (TH] with those of the present article in order to achieve 
multiplicity results of positive solutions. This is briefly discussed in Section El 
Some basic facts and technical estimates required for the proof of the main re¬ 
sults are borrowed from our paper US]. We insert them (with the details of the 
proofs) in an appendix (Section E]) for the reader’s convenience. 
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We end this introductory section with some definitions used in the article. 
We denote by 


o^(a:) = max{a(a:), 0} and a (x) = max{—a(x), 0} 

the positive part and the negative part of a(x), respectively. 

A function g: M'*" —>■ M'*" satisfying (gi) is regularly oscillating at zero if 


lim 

S-S-0+ 

UJ—^1 


9[^s) 

9{s) 


= 1 . 


This definition is the natural transposition for s —> 0“'' of the usual definition of 
regularly oscillating (at infinity) considered by several authors (see [7]). Regular 
oscillating functions are a class of maps related to the study of Karamata regular 
variation theory and its many ramifications (cf. [81142)1. They naturally appear 
in many different areas of real analysis like probability theory and qualitative 
theory of ODEs (see [T81 § 1] for a brief historical survey about this subject). 


2 Abstract setting 

In the first part of this section we recall and summarize some basic properties 
of Mawhin’s coincidence degree which are useful for our applications. We refer 
to [m 1331 |3ni I3H] for more details, references and applications. Then, in the 
second part of the section, we provide an existence result for the second order 
boundary value problem 

i u" + f{x,u,u') = 0, 0<x<T, 

( u') = 0 , 

which includes as well as the case of more general nonlinear terms. 

2.1 Basic facts about Mawhin’s coincidence degree 

Let X and Z be real Banach spaces and let L: Ai A dom L ^ Z he a. linear 
Fredholm mapping of index zero. We denote by kerL = L“^(0) the kernel or 
null-space of L and by ImL C Z the range or image of L. We fix a pair (P, Q) 
of linear continuous projections with P: X ^ kerL and Q: Z ^ cokerL C Z, 
where coker L = Z/Im L is the complementary subspace of Im L in Z. The linear 
subspace kerP C X is the complementary subspace of kerP in X. Accordingly, 
we have the decomposition in direct sums: 

X = ker L © ker P, Z = Im L © Im Q. 


We denote by 

Kp : Im L —>■ dom L fl ker P 

the right inverse of P, i.e. LKp(w) = w for each w G ImP. By the assumption 
that P is a Fredholm mapping of index zero, we have that ImP is a closed 
subspace of Z and ker P and coker P are finite dimensional vector spaces of the 
same dimension. We also fix an orientation on these spaces and take a linear 
(orientation-preserving) isomorphism J: coker P kerP. 
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Let N: X ^ Z he possibly nonlinear operator and consider the coincidence 
equation 

Lu = Nu, M G domL. (2-2) 

According to [36], equation (12.21) is equivalent to the fixed point problem 

u = $(m) := Pu + JQNu + Kp{Id — Q)Nu, u G X. (2-3) 

Mawhin’s coincidence degree theory allows to apply Leray-Schauder degree to 
the operator equation (12.31) , thus providing a way to solve equation (12.21) when 
L is not invertible. To this aim, we add some structural assumptions on N, 
in order to have a completely continuous right-hand side in (lOl) . More pre¬ 
cisely, we suppose that the operator N is L-completely continuous, namely N 
is continuous and, for each bounded set B C X, it follows that QN{B) and 
Kp{Id — Q)N{B) are relatively compact sets. A typical situation in which 
the L-complete continuity of N is satisfied occurs when N is continuous, maps 
bounded sets to bounded sets and Kp is a compact linear operator. 

Let C A be an open and bounded set such that 

Lu^Nu, Vu G domL (~l 

In this case, the coincidence degree of L and N in n is defined as 
DpiL - N, n) := degild - $, fl, 0), 

where “deg” denotes the Leray-Schauder degree. In the sequel we also denote 
by “dp” the (finite dimensional) Brouwer degree. A remarkable result from 
coincidence degree theory guarantees that Dp is independent on the choice of the 
projectors P and Q. Moreover, it is also independent of the choice of the linear 
isomorphism J, provided that we have fixed an orientation on ker L and coker L 
and considered for J only orientation-preserving isomorphisms. This generalized 
degree has all the usual properties of Brouwer and Leray-Schauder degree, like 
additivity/excision and homotopic invariance. In particular, equation (12.21) has 
at least one solution in Vl it Dp{L — N,D,) ^ Q. 

The following result is of crucial importance in order to compute the coinci¬ 
dence degree. It relates the coincidence degree to the finite dimensional Brouwer 
degree of the operator N projected into ker L. It was given in in its abstract 
form and, previously, in [33] in the context of periodic problems for ODEs. 

Lemma 2.1 (Mawhin, 1969-1972). Let L and N be as above and let Lt C X be 
an open and bounded set. Suppose that 

Luy^dNu, Vm G domL (~l Vi? G ]0,1], 

and 

QN{u)^0, Vu G cAI (~l kerL. 

Then 

DpiL - N, LI) = ds)-JQAIkeri, n ker L, 0). 

Proof. We give only a sketch of the proof for the reader’s convenience. For the 
missing details, see Consider the operator defined as 

^^{u) ■.= Pu + JQNu + dKpild — Q)Nu, for dG[0,l], 
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and observe that $1 = $ and $0 has finite dimensional range in kerL. The 
assumptions of the lemma imply that u ^ for all u S dO. and d G [0,1]. 

The homotopic invariance and the reduction property of the Leray-Schauder 
degree then give 

Dl{L - N,n) = deg(/d - $ 1 , fl, 0) = deg(/d - $ 0 , 0) 

= dB(-d(5-/V|kerL, fin kerL, 0). 

Hence the result is proved. See [31] for an interesting discussion on the reduction 
formula in the context of coincidence degree. □ 

A typical degree theoretic approach in order to prove the existence of non¬ 
trivial solutions consists into showing that the degree changes from small balls 
B{0,r) to large balls B{0,R), so that the additivity/excision property of the 
degree ensures the existence of a solution in H(0, i?) \ i?[0, r]. From this point 
of view, results ensuring that the degree is zero on some domains may be useful 
for the applications. In this context we present the next result which is a simple 
adaptation to our setting of a well know lemma (cf. jUj). 

Lemma 2.2. Let L and N be as above and let LI C X be an open and bounded 
set. Suppose that v ^ 0 is a vector such that 

Lu ^ Nu + av, Vue dom L n dLl, V a > 0. 


Then 


Dl{L-N,LI) =0. 


Proof. First of all, we observe that u G domL is a solution of the equation 
Lu = Nu + OLV if and only if u e X is a solution of 


u = ^u + av*, with v* := JQv + Kp{Id — Q)v. (2.4) 

We claim that v* ^ 0. Indeed, if v* = 0, then Qv = 0 and also Kpv = 0. 
Hence, v G ImL and therefore v = LKpv = 0, a contradiction. Thus the claim 
is proved. 

Since $ is compact on the bounded set H, we have that 


M := sup ||u — <I>u|| < 00 . 
We conclude that, if we fix any number 

M 


then (12.41) has no solutions on LI for all a = ao (furthermore, there are no 
solutions also for a > ao). 

By the homotopic invariance of the coincidence degree (using a G [0,ao] as 
a parameter), we find 

Dl{L — N,Ll) = deg{Id — $, LI, 0) = deg(/d — $ — aov*,Ll, 0) = 0. 


Hence the result is proved. 


□ 



From the proof of Lemma [12] it is clear that the following variant holds. 

Lemma 2.3. Let L and N be as above and let LI C X be an open and hounded 
set. Suppose that there exist a vector v ^ 0 and a constant oq > 0 such that 

Lu^Nu + av, Vm € domL n Va G [0,ao], 


and 

Then 


Lu ^ Nu + aov, Vu G dom L 11 LI. 
Dl(L-N,LI) =0. 


2.2 An existence resnlt for problem fl2.ip 

Throughout this section, by t^(u, u') = 0 we mean the Neumann or the 
periodic boundary conditions on a fixed interval [0,T]. 

Let X := C^([0,r]) be the Banach space of continuously differentiable real 
valued functions u{x) defined on [0,r] endowed with the norm 

||«|| := Halloo Tll^^'lloo 

and let Z := L^([0, T]) be the space of Lebesgue integrable functions defined on 
[0,T] with the L^-norm (denoted by || • ||li). 

We define L: dom L ^ Z as 


{Lu){x) := —u"{x), X G [0,T], 


and take as dom L Q X the vector subspace 

dom L := G X: u' G AC and u') = o| > 


where u' G AC means that u' is absolutely continuous. In this case, kerL = . 
is made by the constant functions and 

Im L = ■{ w G Z: 


■: j w{x) dx = o|. 


A natural choice of the projections is given by 




i(x) dx, 


so that coker L = K and ker P is given by the continuously differentiable func¬ 
tions with mean value zero. With such a choice of the projection, the right in¬ 
verse linear operator Kp is the map which, to any w G L^([0, T]) with w = 0, 
associates the unique solution u{x) of 


-|-rc(x)=0, S§{u,u')=0, 


u(x) dx = 0. 


Finally, we take as a linear isomorphism J: coker L —> kerL the identity in R. 

We are ready now to introduce the nonlinear operator N: X ^ Z. First 
we give some assumptions on f(x,s,^) which will be considered throughout the 
section. 

Let /: [0,T] x IR.+ x R —>• K be a L^’-Caratheodory function, for some 1 < 
p < oo (cf. [50]), satisfying the following conditions 
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(/i) f{x, 0, = 0, for a.e. x G [0, T] and for all ^ £ K.; 

(/ 2 ) there exists a non-negative function k G L^([ 0 ,r]) and a constant p > 0 
such that 

\fix,s,f)\ < k{x){\s\ + 1 ^ 1 ), 
for a.e. x G [0,T], for all 0 < s < p and |^| < p. 

Besides the above hypotheses, we suppose also that f{x, s, £,) satisfies a Bernstein- 
Nagumo type condition in order to have a priori bounds on |u'(a;)| whenever 
bounds on u{x) are obtained. Typically, Bernstein-Nagumo assumptions are 
expressed in terms of growth restrictions on /(x, s,^) with respect to the f- 
variable. However, depending on the given boundary value problems and on 
the nonlinearity, more general conditions can be considered, too. The inter¬ 
ested reader can find in [35] a very general discussion for the periodic problem 
(cf. [33] for a broad list of references). See also |3I] and [37] for interesting 
remarks and applications to different boundary value problems. For the pur¬ 
poses of the present paper, we do not consider the more general situation and 
we confine ourselves to the classical estimate for the LP-Caratheodory setting 
given in [m § 4.4]. Accordingly, we assume that 

(/s) for each rj > 0 there exists a continuous function 

p — 1 

(j) = (j)r,: K"*" —)• K"*", with / df, = oo, 

J (piO 

and a function if = ipri G LP([0, T], R'*') such that 

|/(a;,s,OI < for a.e. x G [0,T], Vs e [ 0 , 77 ], e R. 


For technical reasons, when dealing with Nagumo functions as above, we 
always assume further that 

liminf ())(^) > 0 . 

{^-1-00 

This prevents the possibility of pathological examples like that in [m p. 46-47] 
and does not affect our applications. 

As a first step we extend / to a Caratheodory function / defined on [0, T] x 
R^, by setting 

f{x,s,f), ifs> 0 ; 

—s, if s < 0 ; 

and denote hy N: X ^ Z the Nemytskii operator induced by /, that is 

{Nu){x) := f{x, u{x), u\x)), x G [0, Tj. 

In this setting, u is a solution of the coincidence equation 

Lu = Nu, u G domL, 

if and only if it is a solution to the boundary value problem 

u" -G f (x, u, u') = 0, 0 < X < T, 

i^(u, u') = 0. 


(2.5) 

( 2 . 6 ) 
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Moreover, from the definition of / for s < 0 and conditions (/i) and (/ 2 ), 
one can easily check by a maximum principle argument (see Lemma 16.11 and 
Remark IQ) that if M ^ 0 , then u{x) is strictly positive and hence a (positive) 
solution of problem (EB- 

Now, as an application of Lemma l2.II and Lemma 12.31 we have the following 
result. 


Theorem 2.1. Assume (fi), if 2 ), (/a) and suppose that there exist two con¬ 
stants r, R > 0, with r ^ R, such that the following hypotheses hold. 

(Hr) The average condition 


f f{x, r, 0 ) dx < 0 

Jo 

is satisfied. Moreover, any solution u{x) of the boundary value problem 

( u"+ 'df{x,u,u') =0 
I i^{u, u') = 0 , 


for 0 < 1 ? < 1, such that u{x) > 0 on [0,T], satisfies ||u||oo 7 ^ r. 

(Hu) There exist a non-negative function v G LP([0,T]) with v ^ 0 and a con¬ 
stant Qfo > 0 ; such that every solution u{x) > 0 of the boundary value 
problem 

j u"-i-f{x,u,u')-i-av{x) =0 

\ ^{u, u') = 0, ^ ^ 

for a G [0,ao]; satisfies ||u||oo 7 ^ R. Moreover, there are no solutions u(x) 
of (|2.8I) for a = ao with 0 < u{x) < R, for all x G [0, T]. 

Then problem EB has at least a positive solution u{x) with 


minfr, i?} < max u(x) < maxfr, i?}. 

a:e[0,T] 

Proof. As we have already observed, from the choice of the spaces X, domL, 
Z and the operators L: u —u" and N (the Nemytskii operator induced by 
/), we have that (12.Sp is equivalent to the boundary value problem (j2.6l) . All 
the structural assumptions required by Mawhin’s theory (that is L is Fredholm 
of index zero and N is L-completely continuous) are satisfied by standard facts 
(see m)- 

For the proof, we confine ourselves to the case 


0 < r < i?, 


which is the interesting one for our applications. The case in which 0 < R < r 
can be studied with minor changes in the proof and it will be briefly described 
at the end. 

The coincidence equation 

Lu = 'dNu, M G domL, (2-9) 
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is equivalent to 


u" + ^f{x, u, u') = 0 
^(m, u') = 0. 


( 2 . 10 ) 


Let u be any solution of (ES) for some r? > 0. From the definition of / for s < 0 
and the maximum principle, we have that u{x) > 0 for every x G [OiT] and 
hence m is a solution of (lO) . Moreover, by (/ 2 ), if it ^ 0, then u{x) > 0 for all 
X € [0,T]. See also the Appendix. 

According to condition (/a), let </> = R+ and ip = & LP{[Q,T]) 

be such that |/(a:, s,^)| < '!/'(a;)^!'(|C |)5 for a.e. x G [0,T], for all s G [0,r] and 
^ G M. By Nagumo lemma (cf. [T71 § 4.4, Proposition 4.7]), there exists a 
constant M = > 0 (depending on r, as well as on p and ip, but not depending 

on u{x) and d G ]0,1]) such that any solution of (12.101) or, equivalently, any (non¬ 
negative) solution of ()2.7p (for some r? G ]0,1]) satisfying ||u||oo < r is such that 
||m'||oo < Mr- Hence, condition (Hr) implies that, for the open and bounded set 
rir in X defined as 


H 7/ G X . II u II oo ^ X, 11 ri 11 oo ^ ]■, 


it holds that 


Lu^-dNu, Vu G domL n cAlj., Vi? G ]0,1]. 


Consider now u G dVlr D kerL. In this case, m = fc G R, with |fc| = r, and 



Notice also that D ker L = ]—r, r[. 

By the definition of / for s < 0, we have that 



Therefore, QNu ^ 0 for each u G d^lr C kerL and, moreover, 

dB{f*,]-r,r[,0) = 1, 

since f"^{—r) < 0 < /"^(r). By Lemma [2.II we conclude that 

DL{L-N,nr) = 1 . 

Now we study the operator equation 


( 2 . 11 ) 


Lu = Nu + av, u G domL, 


( 2 . 12 ) 


for some a > 0, with v as in {Hb). This equation is equivalent to 


u" + f{x, u, u') + av(x) = 0 


(2.13) 


^^{u, u') = 0. 
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Let u be any solution of (12.121) for some a > 0. From the definition of / for 
s < 0 and the maximum principle, we have that u{x) > 0 for every x G [0,T] 
and hence rt is a solution of (| 2 . 8 I) . 

According to condition (/a), let 4> = (jjR-. K+ — >■ R+ and '0 = i’R G Lp{[0, T]) 
be such that |/(a:, s,0)| < '0(x)0(|0|), for a.e. x G [ 0 ,r], for all s G and 

^ G M. If we take a G [0, Oq], we obtain that 

\f{x, s, + av{x)\ < 0 (x) 0 (| 0 |) + aov{x) < 0 (a;) 0 (| 0 |) 

holds for a.e. x G [0, T] and for all s G [0, R] and 0 G K, with 

tp{x) := 'ijj{x) + aov{x) and 0 ( 0 ) ;= 0 ( 0 ) + 1 . 

Observe also that 0 G LP{[0,T]) and /°° 0^^“^^^^/0(0) d0 = oo. 

By Nagumo lemma, there exists a positive constant M = > M^- (de¬ 

pending on R, as well as on 0 and 0, but not depending on u{x) and a G [0, oq]) 
such that any solution of (|2.13p or, equivalently, any (non-negative) solution of 
(12.811 (for some a G [0,ao]) satisfying ||m||oo < is such that ||u'||oo < Mb.- 
Hence, condition (RIb) implies that, for the open and bounded set fl/j in X 
defined as 

Ofl := {m G X: ||w||oo < R-, ||w'||oo < Mb}, 

it holds that 


Lu^Nu + av, Vm G domL n i90i{, Va G [0, Oo]. 

Moreover, the last hypothesis in {Hb) also implies that 

Luy^Nu + aov, VuGdomLnHfl. 

According to Lemma [2.31 we have that 

DL{L-N,nB) = 0. (2.14) 

In conclusion, from (12.lip , (I2.14p and the additivity property of the coincidence 
degree, we find that 

DL(L-Af,Hfi\cl(L!,)) = -l. 

This ensures the existence of a (nontrivial) solution u to (12.51) with u G ^Ib \ 
cl(Hf.). Since ii is a nontrivial solution of (12.6L by the (strong) maximum 
principle (following from the definition of / for s < 0, (/i) and ( 02 )), we have 
that ft is a solution of (|2.1I) with u{x) > 0 for all a; G [0, T]. 

If we are in the case 

0 < i? < r, 

we proceed in an analogous manner. With respect to the previous situation, the 
only relevant changes are the following. First we fix a constant M = Mb > 0 
and, for the set 0^, we obtain (12.1411 . As a next step, we repeat the first part 
of the above proof, we fix a constant Mr > Mb and, for the set fir, we obtain 
(12.111) . Now we have 

DLiL-N, fir \ din b)) = 1. 

This ensures the existence of a (nontrivial) solution u to (|2.5I1 with u G Hr- \ 
cl(H/j) and then we conclude as above, showing that u(a;) > 0 for all x G [0,T] 
(by the strong maximum principle). □ 
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Remark 2.1. If we take as boundary conditions the periodic ones, namely with 
^{u, u') = 0 written as 


u(0) = w(T), u{Q)=u'{T), 

then Theorem [Q holds true if, in place of the differential operator u i—>■ —m", 
we take a linear differential operator of the form u !->■ —{u" + cu'), with c S M 
a fixed constant. <1 

Remark 2.2. The condition (/ 2 ) is required only to assure that a non-negative 
solution is strictly positive. If we do not assume (/ 2 ), with the same proof, we 
can provide a variant of Theorem 12.11 in which we obtain the existence of non¬ 
trivial non-negative solutions. In this case, condition {Hr) should be modified 
requiring that any u{x) > 0 satisfies ||u||oo r. <\ 

3 Positive solutions of superlinear problems 

In this section we give an application of Theorem 12.11 to the existence of 
positive solutions for problem {^). Throughout the section, we suppose that 
g: K.+ —>• IR.+ is a continuous function such that 

( 51 ) 5 ( 0 ) = 0, g{s) >0 for s > 0. 

The weight coefficient a: [0,T] ^ K. is a -function such that 

(oi) there exist m> 1 intervals Ii,... ,Im, closed and pairwise disjoint, such 
that 

a(x) > 0, for a.e. x € h, with a(x) ^ 0 on Ii (i = I,..., m); 

m 

a(x) < 0, for a.e. a: S [0,T] \ Ip, 

i=l 


(02) 


1 r 

:= — / a{x) dx < 0 . 
^ Jo 


Let A^, i = I,..., TO, be the first eigenvalue of the eigenvalue problem 


if" + \a{x)ip = 0 , ip\di^ = 0 . 


(3.1) 


From the assumptions on a{x) in Ii it clearly follows that A^^ > 0 for each 
i = 1,... ,m. In the sequel, if necessary, it will be not restrictive to label the 
intervals Ii following the natural order given by the standard orientation of the 
real line. 


Theorem 3.1. Let g{s) and a{x) be as above. Suppose also that g{s) is regularly 
oscillating at zero and satisfies 


{92) 


lim ^ = 0 and goo ■= liminf ^ > max A^. 

s^O''" S s^+00 s 


Then problem has at least one positive solution. 
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Proof. In order to enter in the setting of Theorem 12.11 we define 


f{x, s, C) = f{x, s) := a{x)g{s) 

and observe that / is a L^-Caratheodory function. The basic hypotheses re¬ 
quired on f{x, s,^) are all satisfied. In fact, (/i) follows from g{0) = 0 and (/ 2 ) 
is an obvious consequence of the fact that g{s)/s is bounded on a right neighbor¬ 
hood of s = 0 and a £ T^([0, T]). By the continuity of g{s) and the integrability 
of a{x), the Nagumo condition (/a) is trivially satisfied since / does not depend 
on Indeed, we can take p = 1, 4>{^) = I and ip{x) = |a(a;)| maxo<s<r) 5 (s). 

Verification of (Hr). First of all, we observe that (pi) and ( 02 ) imply that 

/(a;, s, 0) da; < 0, Vs > 0. (3.2) 

We claim that there exists rg > 0 such that for all 0 < r < rg and for all 
V £ ]0,1] there are no solutions u{x) of (12.71) such that u{x) > 0 on [0,T] and 
||m||oo = r. 

By contradiction, suppose the claim is not true. Then for all n £ N there 
exist 0 < Tn < I/n, £ ]0,1] and Un{x) solution of 



u" +'dna{x)g{u) = 0, t^{u,u')=0, 


(3.3) 


such that Un{x) > 0 on [0,T] and ||u„||oo = Tn- 

Integrating on [0, T] the differential equation in (13.31) and using the boundary 
conditions, we obtain 

r 

u'f{x) dx = 'dn / a{x)g{un{x)) dx. 

Jo 



Then 


follows. We define 


a(x)g(un(x)) dx = 0 
Unix) 


(3.4) 


.(a:) := 


Ur, 


and, dividing (13.31) by = ||u„||oo, we get 


^ I Q /' ^diunix)) r \ n 

Vrrix) + dnUix) - -^——Vn{x) = 0 . 

Unix) 


(3.5) 


By the first assumption in ( 52 ), for every £ > 0 there exists dg > 0 such that 

0 < < e, VO < s < 4. 

s 

For n > l/Se we have 0 < Un{x) <rn<S^ for all x G [0, T], so that 

giunix)) 


0 < 




< £, Va £ [0,r]. 
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This proves that 


lim = 0, uniformly on [0,T]. (3.6) 

n->-oo Un\x) 

We fix cco G [0,T] such that v'^{xo) = 0. With the Neumann boundary 
condition, we choose xq = 0 (or xq = T), while, in the periodic case, the 
existence of such a xq (possibly depending on n) is ensured by Rolle’s theorem. 
Integrating (11131) . we have 

Vn{x) = -'&n[ 

Jxo 

hence 

IKI|oo</ |^(^)| g(M^)) (3 7) 

Jo Un{x) 

Since a G L^([0,T]), by (13.61) and the dominated convergence theorem, we find 
that v'^{x) —>■ 0 (as n —)• oo) uniformly on [0,T]. 

Since ||z;n||oo = 1, there exists Xi G [0,T] (possibly depending on n) such 
that Vn{xi) = 1. From 

Vnix) = Vn(xi) - / < (^ d^, 

J Xi 

we conclude that 


lim v„{x) = 1, uniformly on [0,T]. 

n—>oo 


(3.8) 


Now, we write (131) as 


0 = y a{x)g{un{x)) dx = j (^a{x)g{rr,) + a{x)[g{rnVn{x)) - g{rn)]j dx. 


Since g(r„) > 0, then 


1 F 1 

J a{x)dx = If J a{x) 


g{rnVn{x)) -g{rn) 


Consequently, by ( 02 ), 
1 


0 <-a < -||a||ii iriax 

1 a;G[0,T] 


giXnVnix)) 


9{rn) 


- 1 


9{rn) 


= f\m\L^ 


dx. 


g{rnUJn) 


9irn) 


- 1 


where a;„ := Vn(xn), for a suitable choice of Xn G [0,T], and also a;„ —)■ 1 (as 
n c») by dUl). Using the fact that g is regularly oscillating at zero, we obtain 
a contradiction as n —>■ 00 . 

The claim is thus proved and, recalling also (131 . we have that (Hr) holds 
for any r G ]0, rg]. 

Verification of {Hr). First of all, we fix a nontrivial function v G L^([0,r]), 
with v{x) ^ 0 on [0,T], such that 


m 

v{x) > 0, for a.e. x € U; 

m 

v{x) = 0, for a.e. a; G [0,T] \ (J li. 

i=l 
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For example, as v{x) we can take the characteristic function of the set 


A:=\JU 


Secondly, we observe that a(x) > 0 on each interval li, so that 
f(x^ 5 ) 

liminf -—'■— > a{x)goo, uniformly a.e. x G li. 

S^ + OO S 

Moreover, the second condition in ( 32 ) implies that the first eigenvalue of the 
eigenvalue problem 

V’” + Xgooa{x)ip = 0 , ip\oi, = 0 , 


is strictly less than 1, for all i = 1,... ,m. Thus, we can apply Lemma 16.21 on 
each interval It, with 

J := h, h{x, s) := a{x)g{s), qooix) ■= a{x)goo- 

Hence, for each i = 1,..., m, we obtain the existence of a constant > 0 such 
that for each Caratheodory function k: [0, T] x R+ —>■ K with 

k{x,s) > a{x)g{s), a.e. x G h, Vs > 0, 

every solution u{x) > 0 of the BVP 


u" + k{x, u) = 0 
u') = 0 


(3.9) 


satisfies maxa;g/. u{x) < Ri-. 

Then, we fix a constant R > rg (with rg coming from the first part of the 
proof) such that 

R > max Rj. (3.10) 

and another constant oq > 0 such that 

^ ||a||i,i maxo<s<_R5(s) 

ao > -[pn-• 3.11) 

We take a G [0, oq]- We observe that any solution u(x) > 0 of problem (12.81) 
is a solution of (13.91) with 


k(x, s) = a(x)g(s) + av(x). 

By definition, we have that k(x, s) > a(x)g(s) for a.e. x G A and for all s > 0, 
and also k{x, s) = a{x)g{s) < 0 for a.e. x G [0, T] \ H and for all s > 0. By the 
convexity of the solutions of dm) on the intervals of [0, T] \ A, we obtain 

max u(x) = ma,xu(x) 

a;G[0,T] xGA 

and, as an application of Lemma 16.21 on each of the intervals It, we conclude 
that 

||u||oo < R- 
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This proves the first part of {Hu). 

It remains to verify that for a = ao defined in (13.111) there are no solutions 
u{x) of (12. Sp with 0 < u{x) < R on [0,T]. Indeed, if u is a solution of (12. 8 L or 
equivalently of 

{ u" + a{x)g{u) + av{x) = 0 
£ii{u, u') = 0 , 

with 0 < u{x) < R, then, integrating on [0, T] the differential equation and 
using the boundary conditions, we obtain 

= ck / v{x) dx < / |a(a:)|( 7 (u(a;)) da; < ||a|| 2 ,i max g{s), 

Jo Jo 0<s<R 

which leads to a contradiction with respect to the choice of ao- Thus (id/j) is 
verified. 

Having verified (idr) and (dd/j), the thesis follows from Theorem 12. II □ 

Remark 3.1. From the verification of condition {Hu) performed in the above 
proof, it is clear that the assumption g^o > maxA^^ is employed in connection 
with Lemma l6.2l lin the Appendix) in order to obtain the a priori bounds Rl^ on 
the intervals R. In turn, this step in the proof is based on a Sturm comparison 
argument involving the eigenfunctions of (ED). If among the intervals R there 
is one of the form di = [0, cr] or one of the form Im = [t,T] (both cases are 
also possible), then the choice of the eigenvalues can be made in a more refined 
manner in order to improve the lower bound for goo- More precisely, whenever 
such a situation occurs, we can proceed as follows. 

• For the Neumann problem, if R = [0,(t] we take as A} the first positive 
eigenvalue of the eigenvalue problem 

(fi" + Xa{x)ip = 0, </ 5 ^( 0 ) = (p{cr) = 0. 

Similarly, if d^ = [r, T] we take as A™ the first positive eigenvalue of the eigen¬ 
value problem 

(fi" + Xa{x)ip = 0, ‘p{t) = ip'{T) = 0. 

• For the periodic problem, we can extend the coefficient by T-periodicity on 
the whole real line and, after a shift on the x-variable, we consider an equiv¬ 
alent problem where the weight function is negative in a neighborhood of the 
endpoints. We try to clarify this concept with an example. Suppose that we 
are interested in the search of 27r-periodic solutions of equation 

u" + {—k + cos{x))g{u) = 0 , 

where 0 < /c < I is a fixed constant. In this case, setting the problem on 
the interval [0, 27r], we should consider the eigenvalue problem (13.11) on the two 
intervals Ii = [0, arccos k] and R = [27r—arccos k, 27r], where the weight function 
is positive. On the other hand, since we are looking for 27r-periodic solutions, we 
could work on any interval of length 27r, for instance [tt, 37 r]. This is equivalent 
to consider the periodic boundary conditions on [ 0 , 27r] for the equation 

v” + {—k + cos{x — TT))g{v) = 0. 
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In this latter case, the weight is negative at the endpoints x = 0 and x = 2Tr 
and there is only one interval of non-negativity, so that we have to consider the 
eigenvalue problem only on Ji = [tt — arccos k,TT + arccos k]. In this way we 
can produce a better lower bound for g^o by studying an equivalent problem. 

The same remarks as those just made above apply in any subsequent variant 
of Theorem o for instance, we can refine the choice of the constants in 
Corollary 13.41 below. <1 

The following corollaries are straightforward consequences of Theorem 13.11 

Corollary 3.1. Let g{s) and a{x) satisfy (gi) and (oi), ( 02 ), respectively. Sup¬ 
pose also that g{s) is regularly oseillating at zero and satisfies 


lim ^ = 0 and 

S-S-0+ S 


lim = - 1 - 00 . 


Then problem has at least one positive solution. 

Corollary 3.2. Let g{s) and a{x) satisfy (gi) and (oi), ( 02 ), respectively. Sup¬ 
pose also that g{s) is regularly oscillating at zero and satisfies 


lim 

s—>-0+ 


gjs) 

s 


= 0 


and goo > 0 . 


Then there exists v* > 0 such that the boundary value problem has at least 

one positive solution for each v > v*. 

The following consequence of Theorem l3.1 [ provides a necessary and sufficient 
condition for the existence of positive solutions to problem when g{s) = 
for 7 > 1. It can be viewed as a version of | 6 l Theorem 1] for the periodic case 
(in the authors already obtained the same result for the Neumann problem 
for PDEs). 

Corollary 3.3. The superlinear boundary value problem 


u" -\- a{x)u'^ = 0 , 7 > 1 , 

S^{u, u') = 0 , 


with a weight function a(x) satisfying (oi), has a positive solution if and only if 
the average condition ( 02 ) holds. 

Proof. The necessary part of the statement is a consequence of the fact that 
g{s) := s'^, for 7 > 1, has a positive derivative on (see also the Introduction). 
For the sufficient part we apply Corollary 13.11 observing that g(s) is regularly 
oscillating at zero. □ 


As one can clearly notice from the proof, the condition goo > maxAj in 
Theorem 13.11 is required in order to obtain suitable a priori bounds for the 
maximum of the solutions on each of the intervals A, where a > 0 and a ^ 0 . 
Hence we can choose a constant P satisfying (13.101) and have (ffn) verified. As 
observed in m, if g{s)/s is bounded (for s large), it is sufficient to obtain an a 
priori bound only on one of the intervals A and the existence of a global upper 
bound follows from standard ODEs arguments related to the classical Gronwall’s 
inequality. Similarly, also in the present situation, following the proof of m 
Theorem 3.2], we can obtain the next result. 
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Corollary 3.4. Let g{s) and a(x) satisfy (gi) and (ai), ( 02 ), respectively. Sup¬ 
pose also that g{s) is regularly oscillating at zero and satisfies 

lim = 0 , goo > min and limsup ^ < +c». 

s->'0+ S s_>_|_oo S 

Then problem has at least one positive solution. 

Actually, this result could be even improved with respect to assumption (oi), 
in the sense that it would be sufficient only to find an interval J C [0, T] where 
a > 0 and a ^ 0 and then we can ignore completely the behavior of a{x) on 
[0, T] \ J. If we know that goo is greater than the first eigenvalue of the Dirichlet 
problem in J (i.e. y)” + Xa{x)ip = 0, y)\dj — 0), we get the upper bound Rj 
as in Lemma 16.21 and hence a global upper bound via Gronwall’s inequality. 
Thus we can prove the following corollary which combines Corollary 13.21 with 
Corollary [231 

Corollary 3.5. Assume there exists an interval J C [0,T] where a{x) > 0 for 
a.e. X € J and also ^ 

/ a{x) dx <Q < / a{x) dx. 

Jo J J 

Suppose that g{s) is regularly oscillating at zero, satisfying (gi) and such that 
lim = 0 and 0 < lim inf < limsup < +c». 

s —>^0"^ S ^ ^-|-oo s s —^-|-oo ^ 

Then there exists iz* > 0 such that the boundary value problem has at least 

one positive solution for each u > v*. 

Remark 3.2 [A comment on the regularly oscillating condition). The condition 
of regularly oscillation at zero required on g{s) is useful in order to conclude 
the verification of (Hr) in Theorem 13.11 Nevertheless, there is a disadvantage 
in assuming such a condition, as it does not allow to consider functions as 

( 7 ( 5 ) = s'*'exp(—1/s) for s>0 (7 > 1), 5 ( 0 ) = 0, (3-12) 

which are not regularly oscillating at zero. 

With this respect we observe that, from a careful reading of the first part of 
the proof of Theorem l3.ll the key point is to show that 5 (r„a;„)/( 7 (r„) —>■ 1, for 
rn —^ 0+ and a;„ = v{xn) —S’ 1 (for a suitable choice of G [0, T]). In our proof, 
the sequence a;„ is not an arbitrary sequence tending to 1 , since 0 < < 1 , 

and, moreover, from ([331) we can easily provide the estimate 

0 < 1 — Wn < C sup 

0<s<r^ 5 

(for C > 0 a suitable constant independent on and Wn)- Therefore, the faster 
9{i’n)/rn tends to zero, the more uin tends to one. 

Using this observation, we can apply our result also to some not regularly 
oscillating functions g{s), provided that they tend to zero sufficiently fast. In 
this manner, for instance, Corollarv l3.1l holds also for a function g{s) as in (13.1211 
(the easy verification is omitted). 

Another way to avoid the hypothesis of regular oscillation at the origin is 
described in Theorem 13.21 <1 
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A variant of Theorem o is the following result. Basically, we replace the 
computations for the verification of (i^r) given in the proof of Theorem [3TT] with 
a different argument which is essentially inspired by the approach in m- 

Theorem 3.2. Let g: — >■ R'*" be a continuous function satisfying {gi) and 

(( 72 )- Let a: [0,T] —>■ R 6e o measurable function satisfying (oi) and ( 02 ). Sup¬ 
pose also that g{s) is continuously differentiable on a right neighborhood [ 0 ,eo[ 
of s = 0. Then problem has at least one positive solution. 

Proof. As in the proof of Theorem 13.11 we enter in the setting of Theorem 12.11 
by defining 

f{x,s,0 = f{x,s) := a{x)g{s). 

Verification of (Hr). First of all, we observe that ( 51 ) and ( 02 ) imply that 

f{x,s,0)dx<0, Vs>0. (3.13) 

We claim that there exists tq G ]0,eo[ such that for all 0 < r < rg and for all 
id G ]0,1] there are no solutions u{x) of (12.71) such that u{x) > 0 on [0,T] and 
||m||oo = r. 

By contradiction, suppose the claim is not true. Then for all n S N there 
exist 0 < r„ < Ifn, idn G ]0,1] and Un{x) solution of (13.3|) such that Un{x) > 0 
on [0,r] and ||u„||oo = Xn. By the first condition in (( 72 ), note also that 

lim g'(un{x)) = 0 , uniformly on [ 0 ,T]. 



Using the identity 

u” d f u' \ 
g{u) dx\g{u)J 

for u = Un, and setting 

we obtain the following relation 

z'nix) + g'iun(x))z^(x) =-dna(x), for a.e. o: S [0,T]. (3.14) 

The boundary conditions (of Neumann or periodic type) on Unix) imply that 

ZniO) = ZniT) and 3 e [0, T]: 2 „(t);) = 0 (3.15) 

(obviously, we can take t* = 0 in the case of the Neumann boundary conditions, 
while the existence of such a point in the periodic case follows from Rohe’s 
theorem). 

We fix a positive constant M > ||a||ii and then a constant 5 with 



0 < 5 < 


M — ||a||ii 
TM^ 


(3.16) 
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By the continuity of g'{s) on [0,eo[ and g'(0) = 0 (which corresponds to the 
first condition in ( 32 )), we find e G ]0,eo[ such that 

l5^(s)| < VO < s < e. 

Let n> Xje. In this case, we have that 0 < Un(x) < e on [0,T] and we claim 
that 

WZnWoo < KM. (3.17) 

Indeed, if by contradiction we suppose that (I3.17P is not true (for some n > 1/e), 
then, using the fact that Zn(x) vanishes at some point t* of [0,T], we can find 
a maximal interval Jn of the form or such that |2:n(a;)| < 

for all X G Jn and |^rt(a^)| > dnM for some x ^ Jn, or, more precisely, with 
Tn < X < T or 0 < X < Tn, respectively. By the maximality of the interval Jn, 
we also know that | 2 :„(t„)| = JnM. 

Integrating (13.141) on Jn and passing to the absolute value, we obtain 


■dnM = |Zn(T„)| = |z„(r„) - z„(t*)| 


< 



g'{un{x))zi{x) dx 




< -t*| +d„||a||Li 

< dniSM^T + \\a\\L^) 


(recall that 0 < < 1). Dividing the above inequality by > 0, we find a 

contradiction with the choice of 5 in (13.161) . In this manner, we have verified 
that (13.171) is true. 

Now, integrating (I3.14p on [0, T], recalling that z„(T) — z„(0) = 0 (according 
to (13.151) 1 and using (I3.17L we obtain that 

—dn / a{x)dx= / g'{un{x))z^{x) dx 
Jo Jo 

<TdlM^ max |g'(s)| 

0<S<rn 

< dnTM^ max |g'(s)| 

0<s<rn 


holds for every n > 1/e. From this, 

0 < —d < max |(/'(s)| (3.18) 

0<s<rTi 

follows. Using the continuity of g'{s) at s = O+j we get a contradiction, as 
n -G 00 . 

The claim is thus proved and, recalling also (13.131) . we have that {Hr) holds 
for any r G ]0, ro]. 

Verification of (Lf/j). This has been already checked in the second part of the 
proof of Theorem 13.11 No change is needed. 

As last step, we conclude exactly as in the proof of Theorem 13.11 via Theo¬ 
rem [5)TJ □ 
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From Theorem l3.2l we can derive the same corollaries as above in which the 
condition of regularly oscillation at zero of g{s) is systematically replaced by 
the smoothness of g{s) on a right neighborhood [0, eo[ of zero. In particular, an 
obvious improvement of Corollary 13.31 is the following. 

Corollary 3.6. Let g: R.’*' —>■ R+ be a continuously differentiable function sat¬ 
isfying {gi), such that g'{s) > 0 for all s > 0 and 


hm d£) = 0, 

s-i.0+ S 


lim = +00. 

s—>-+oo s 


Let a: [0,T] —>■ R 6e a measurable function satisfying (oi). Then problem 
has at least one positive solution if and only if (02) holds. 

For the Neumann problem this result improves m § 3, Corollary 1] to a 
more general class of weight functions a{x). It also extends such a result to the 
periodic case. 


Remark 3.3 (^4 comparison between different conditions at zero). In Theo¬ 
rem 10 and Theorem 13.21 we have two different conditions that are required on 
g{s) as s —> 0“*". It can be interesting to provide examples in which one of the 
two results applies, while for the other the conditions on g{s) are not fulfilled. 
For this discussion, we confine ourselves only to the behavior of g{s) on a right 
neighborhood [0,1] of zero and we do not care about a (a;) or the behavior of 
g{s) as s ^ -boo. 

Take any function cr: [0,1] —)• Rj which is continuous but not differentiable 
(for instance, one could even choose a nowhere differentiable function of Weier- 
strass type) and define 

g{s) = a{s)s'>, 7>I. 

Such a function g{s) is regularly oscillating at zero (note that tT(0) > 0) and it 
fits for Theorem 13.11 but it is not suitable for Theorem 13.21 
As second example, we consider a function as 


5(s) = sin^(l/s)-b s^, for se]0,l] (/3 > 7 > 2), ^(0) = 0. 


Such a function g{s) is continuously differentiable on [0,1] and it fits for The¬ 
orem [S21 but it is not suitable for Theorem o since g{s) is not regularly 
oscillating at zero. 

Both the above examples can be easily generalized in order to construct 
broad classes of nonlinearities where only one of the two theorems applies. <1 


We end this section by presenting a variant of Corollary 13.51 in the smooth 
case and observing that the argument employed in the proof of Theorem 13.21 
can be used to provide a nonexistence result for positive solutions when g{s) is 
smooth on R’*' and with sufficiently small derivative. 

Corollary 3.7. Assume there exists an interval J C [0,T] where a(x) > 0 for 
a.e. X G J and also ^ 

/ a{x) dx <Q < / a{x) dx. 

Jo Jj 


23 


Suppose also that g(s) is a continuously differentiable function satisfying (gi) 
and such that 


g'{0) = 0 and 0 < liininfg'(s) < limsupg^(s) < +oo. 

S^ + OO S-J. + 00 


Then there exists v* > 0 such that the boundary value problem {^v) has at least 
one positive solution for each v > v*. 

Clearly, Theorem 11.31 in the Introduction is a direct consequence of this 
result, using the generalized de rHopital’s rule: 


liminf g\s) < liminf ^ < limsup 

s —>- + 00 S —>- + 00 S g ^_|_ 0 Q 


gjs) 

S 


< liinsup^^(s). 

s—^+oo 


Proposition 3.1. Let g: —>■ be a continuously differentiable function 

with bounded derivative on Let a € L^([0,T]) satisfy condition ( 02 )- Then 
there exists z/* > 0 such that the boundary value problem has no positive 

solutions for each 0 < v < . 

Proof. The proof follows substantially the same argument employed in the proof 
of Theorem l3.2l from (|3.14|) to (13.181) . 

We fix two positive constants M and D such that 


M > ||a||ii and \g'{s)\<D, Vs>0, 

(recall that, by assumption, g{s) has bounded derivative on R^J") and define 

_ • f M - ||a||^i -d \ 

DM^T ’Z1M2J' 


We shall prove that for 0 < z/ < problem has no positive solution. 

Let us suppose by contradiction that u{x) > 0 for all x £ [0, T] is a solution 
of problem {^^). Setting z{x) := u'{x)/iyg{u{x)), we find 

z'{x) + vg'{u{x))z^{x) = —a{x). (3.19) 


As a consequence of the boundary conditions, we also have that z(0) = z(T) and 
there exists t* £ [0,T] (with t* depending on the solution u{x)) with z{t*) = 0. 
First of all, we claim that 

\\z\\oo<M. (3.20) 

Indeed, if by contradiction we suppose that (13.201) is not true, then using the 
fact that z{x) vanishes at some point of [0, T], we can find a maximal interval J 
of the form [t*, r] or [t, t*] such that \z{x)\ < M for all x € J and \z{x)\ > M for 
some X ^ J. By the maximality of the interval J, we also know that | 2 (t)| = M. 
Integrating (13.191) on J and passing to the absolute value, we obtain 


M = \z{t) — z{t*)\ < 


ng'{u{x))z'^(x) dx 


+ Ikllii 


< nDM^T +\\a\\Li < M, 


a contradiction. In this manner, we have verified that (13.201) is true. 
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Now, integrating (13.191) on [0,T], recalling that z{T) — 2 ( 0 ) = 0 and using 
(13.201) . we reach 

I f'^ If"’" 

—a = —— / a{x) dx = — iyg'(u(x))z^(x) dx < uDM'^ < —a, 

Jo T Jo 


10 ^ Jo 

a contradiction. This concludes the proof. 


□ 


Remark 3.4. The same proof as above works to prove the nonexistence of solu¬ 
tion to problem with range in a given open interval ]q!,/ 3[, for g\ ]a,/3[ —>■ 
a smooth function with bounded derivative. In some recent papers (see 
[nm) similar nonexistence results have been obtained under different condi¬ 
tions on the function g{s). <1 


4 More general examples and applications 


In Section [3] we have applied our abstract result Theorem 12.11 which deals 
with a general second order equation of the form 

u" + f{x, u, u') = 0, 


to the simpler case given by 


u" + a{x)g{u) = 0. 

In this section, we show how our result can be extended to a broader class of 
equations. Up to this point, by S§{u,u') = 0, we have considered together the 
two different boundary conditions. Now we present two different applications, 
one for the Neumann problem and another for periodic solutions. 

For simplicity in the exposition, in our applications we will suppose that the 
weight function is continuous, in order to obtain classical positive solutions. 


4.1 The Neumann problem: radially symmetric solutions 

Let II • II be the Euclidean norm in (for N >2) and let 

n ■- 5(0, R 2 ) \ B[0, i?i] = {x G : i?i < ||a:|| < R 2 } 

be an open annular domain, with 0 < i?i < i? 2 - Let q: fl ^ R be a continuous 
function which is radially symmetric, namely there exists a continuous scalar 
function Q: [i?i, i? 2 ] —>■ K such that 

g(a;) = Qdlxll), Va;GfI. 


In this section we consider the Neumann boundary value problem 


-Au = q{x)g{u) 
du 


in n 
on dVL 


(4.1) 


and we are interested in the existence of radially symmetric positive solutions 
of (14.IL namely classical solutions such that u{x) > 0 for all a: G fl and also 
u{x') = u{x") whenever ||a;'|| = ||a:"||. 
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Since we look for radially symmetric solutions of 611), our study can be 
reduced to the search of positive solutions of the Neumann boundary value 
problem 

iV - 1 

w"{r) H- w'{r) + Q{r)g{w{r)) = 0, w'{Ri) = w'(i? 2 ) = 0. (4.2) 

r 

Indeed, if w{r) is a solution of (14.2L then u{x) := r(;(||a;||) is a solution of (14.11) . 
Using the standard change of variable 

t = h{r):= f 

J Ri 


and defining 


T ■- 



r{t) := h ^{t) and v{t) 


w{r{t)), 


we transform 63) into the equivalent problem 


v” + a{t)g{v) = 0, u'(0) = v'{T) = 0, 


(4.3) 


with 

a{t) := 

Consequently, the Neumann boundary value problem (14.31) is of the same form 
of (.^) and we can apply the results of Section [31 

Since r(t)^(^“^) > 0 on [0,T], condition (oi) is satisfied provided that a 
similar condition holds for Q{r) on Accordingly, we assume 

(gi) there exist m >1 intervals Ji,, Jm, closed and pairwise disjoint, such 
that such that 

Q{r) > 0, for every r S Ji, with max Q{r) >0 (i = 1,..., m); 

r^Ji 

m 

Qir) < 0, for every r G [i?i, i? 2 ] \ [J Ji- 

2=1 


Condition (a 2 ) reads as 

pT pR2 

0> / r(t)2(^-i)Q(r(<))dt = / r^-^Q{r)dr. 

Jo JRi 

Up to a multiplicative constant, the latter integral is the integral of q{x) on fl, 
using the change of variable formula for radially symmetric functions (cf. [20)1. 
Thus, a{t) satisfies ( 02 ) if and only if 

( 92 ) / qix)dx<0. 

Jn 

The following theorems are easy corollaries of the results presented in Sec¬ 
tion [31 
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Theorem 4.1. Let g: K+ —>■ R+ be a continuous function, regularly oscillating 
at zero and satisfying {gi). Assume 

lim = 0 and lim = +cx). 

s-> 0 + S S-S-+00 s 

Let q{x) = Q(||a:||) be a continuous radially symmetric function satisfying (gi) 
and ( 52 )• Then problem (14.ip has at least one positive radially symmetric solu¬ 
tion. 


Theorem 4.2. Let g: be a continuous funetion, regularly oscillating 

at zero and satisfying (gi). Assume 

lim = 0 and lim inf > 0. 

s-> 0 + S s-^+oo s 

Let q[x) = Q(||x||) be a continuous radially symmetric function satisfying (qi) 
and {q 2 ). Then there exists iz* > 0 such that problem 


—A u = V q(x) g{u) 

^ = 0 

an 


in n 
on dQ 


(4.4) 


has at least one positive radially symmetric solution for each u > v*. 

Clearly, Theorem 14.11 and Theorem 14.21 correspond to Corollary 13.11 and 
Corollary 13.21 respectively. The next result follows from the same argument 
that led to Corollary 13.51 

Theorem 4.3. Let g: R+ —^ R+ be a continuous function, regularly oscillating 
at zero and satisfying {gi). Assume 


lim = 0 and 0 < lim inf < lim sup < + 00 . 

s —^0*^ S ^ ^-|-oo s s —^-|-oo ^ 


Let q{x) — Q(||a;||) he a continuous radially symmetric function satisfying ( 52 ) 
and such that q{xo) > 0 for some xq G 11. Then there exists v* > 0 such 
that problem (lO) has at least one positive radially symmetric solution for each 

V > V* . 


Note that, with respect to Theorem l4.21 in the above result we do not assume 
condition {qi) on the weight function. In this manner, we can consider functions 
Q{r) with infinitely many changes of sign in [i?i,i? 2 ]- 

All the above three theorems can be stated in a version where the regularly 
oscillating assumption at zero is replaced with the hypothesis that g{s) is contin¬ 
uously differentiable on a right neighborhood of zero, according to Theorem l3.2l 
For instance, the corresponding version of Theorem 14.11 reads as follows. 

Theorem 4.4. Let g: —>■ R"*" be a continuous function satisfying {gi) and 

such that g{s) is continuously differentiable on a right neighborhood of s = 0. 
Assume 

g'{0) = 0 and lim ^ = -too. 

s—>■+00 s 

Let q{x) = Q(||a;||) he a continuous radially symmetric function satisfying {qi) 
and ( 92 )- Then problem (14.ip has at least one positive radially symmetric solu¬ 
tion. 
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If we also suppose that g(s) is continuously differentiable on Kq with g'(s) > 
0 for all s > 0, then condition ( 92 ) is also necessary for the existence of a positive 
solution. On the other hand, as observed in the Introduction, also the fact 
that the weight function must change its sign is necessary for the existence of 
solutions. With this respect, the following corollary can be derived from the 
smooth version of Theorem 14.31 (see also Corollary 13.71) . 

Corollary 4.1. Let g: —>■ K."'' be a continuously differentiable function such 

that g'(s) > 0 for all s > 0. Assume 


g{0) = g'{0) = 0 and g'{+oo) = £ > 0. 

Let q{x) = Q(||a;||) be a continuous radially symmetric function. Then there 
exists V* > 0 such that problem (031) has at least one positive radially symmetric 
solution for each v > v* if and only if 

q^{x)^Q and / q{x)dx<Q. 

Jn 

Note also that, under the assumptions of Corollarv ll. 1 ( there is also a constant 
> 0 such that for each Q < v < problem 031) has no positive radial 
solutions (cf. Proposition 13.II) . 

Possible examples of functions satisfying the above conditions are 
g{s) = Xs arctan(s^“^) for s > 0 (7 > 1, iti > 0) 

and 

gls) = K - - -— for s > 0 (7 > 1, i^T, M > 0). 

Remark 4.1. In [^, Berestycki, Capuzzo-Dolcetta and Nirenberg obtained 
an existence result of positive solutions for the Neumann problem 03) in the 
superlinear indefinite case for LI a bounded domain with smooth boundary. In 
[5J Theorem 3] the main assumptions require that gif) has a precise power¬ 
like growth at infinity, that is g{s)ls^ —)> 1 > 0 (as s —>■ -l-oo) for some p S 
]1, {N + 2)/{N — 1)[, and that Vq{x) does not vanish on the points of 

P := {cc G n: q{x) > 0} D {cc G 11: q{x) < 0} C fl. 

Our setting is much more simplified as we consider an annular domain and a 
radially symmetric weight function. On the other hand, our growth condition 
at infinity is more general (allowing a nonlinearity which is not necessarily of 
power-like type) and, moreover, no condition on the zeros of q{x) is required. <1 


4.2 The periodic problem: a Lienard type equation 

In this section we deal with the existence of periodic positive solutions to a 
Lienard type equation, namely positive solutions of 

f u" + h{u)u' + a{x)g{u) = 0, 0 < x < T, 

\u{0)=u{T), u'i0) = u'{T), 
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where h: K'*' ^ R is a continuous function. As a preliminary remark, we observe 
that, if u{x) > 0 is any solution of (145]) . then h{u{x))u'[x) dx = 0 and also 

h[u{x))u'{x)/g(u{x)) dx = 0. Consequently, the condition that a{x) changes 
sign with negative average, which is necessary for {3^) (when g'{s) > 0), is still 
necessary for (ITO . 

For simplicity, in this section we present only an extension of Corollarv id.ll to 
the Lienard equation. In particular, we do not consider the alternative approach 
of Theorem 13.21 for g{s) smooth. Accordingly, applying the results in Section[2j 
we prove the following theorem. 

Theorem 4.5. Let h: R+ be continuous and bounded. Let g: R+ —)• R+ be 
a continuous function, regularly oscillating at zero and satisfying (gi). Assume 

lim = 0 and lim = +oo. (4-6) 

s-»0+ S s-S'+oo s 

Let a: [0,T] —> R 6e a continuous function satisfying (oi) and ( 02 ). Then 
problem (03]) has at least one positive solution. 

Proof. We follow the same pattern as the proof of Theorem 13.11 In particular, 
we are going to show how to achieve the same main steps and formulas in that 
proof. 

First of all, we define /: [0, T] x R+ x R —>• R as 

f{x, s, f) = {h{s) - c)f + a{x)g{s), with c := h{0), 

and we remark that / is a L^-Caratheodory function satisfying (/i), (/ 2 ) and 
(/a). In this manner, problem (14.51) is of the form 

f u" + cu' + f{x, u,u') = 0, 0 < X < T, 

\ u{0) = u{T), u'{0) = u'{T), 

which is of the same type of dUD with u !->• —{u" + cu') as differential operator. 
The thesis will be reached using Theorem 12.11 with Remark 12.11 In order to 
avoid unnecessary repetitions, from now on in the proof, all the solutions that 
we consider satisfy the T-periodic boundary conditions. 

Verification of {Hr). Observe that (13.21) is satisfied. We claim that there exists 
To > 0 such that for all 0 < r < ro and for all G ]0,1] there are no positive 
solutions u{x) of 

u" + cu' + 'df{x, u, u') = 0 

such that ||m||oo = r. By contradiction, suppose the claim is not true. Then for 
all n G N there exist 0 < < 1/n, dn G ]0,1] and Un{x) positive solution of 

u" + cu' + •dn{h{u) — c)u' + ‘dna{x)g{u) = 0 (4-7) 

such that ||u„||oo = 

Integrating (1371) on [0,T] and using the periodic boundary conditions, we 
obtain again 02|)- We define 
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and, dividing (HTl) by Tn = llunlloo, we get 

v" + cv'^ + 'dn{h{Un{x)) - c)v'^ + dna{x)q{Un{x))Vn = 0, (4.8) 

where h{un{x)) — c ^ 0 and q{u„{x)) := g{un{x))/Un{x) —)• 0, uniformly on 
[0,T] as n —>• 00 . Multiplying equation (14.811 by Vn and integrating on [0,T], we 
obtain 

Iknilis < ||a||i,i sup |g(u„(a;))|-)• 0, as n-)• oo. 

a:e[0,T] 

Using this information on (ira . we see that ||u"||z,i ^ 0 as n —>• oo. From this 
fact and observing that v!^ must vanish at some point (by Rolle’s theorem), we 
obtain that v'^{x) —>■ 0 (as n ^ oo) uniformly on [0,T] and thus (13.81) follows. 
From dSH) and (13.81) we conclude exactly as in the verification of (i?r) in the 
proof of Theorem 13.11 

Verification of {Hu). We choose the same function v{x) as in the proof of 
Theorem O and observe that the equation in (1^ now reads as 

u" + h{u)u' + a{x)g{u) + av{x) = 0. (4.9) 

We also fix a constant C > 0 such that 

\his)\<C, Vs>0. (4.10) 

Following the proof of Theorem l3.ll we choose an interval J among the intervals 
li- We look for a bound Rj > 0 such that any non-negative solution u{x) of 
gH), with a > 0, satisfies Taaxx(^j u{x) < Rj. For notational convenience, we 
set J = [cr, r] and let 0 < e < (r — cr)/2 be fixed such that 

a{x) ^0 on J®, 


where := [crp, tq] C [a, r] with uq — u = t — = e. 

Arguing as in we can prove that u'{x) < u{x)e^'^/e, for all x G [(To,t] 
such that u'{x) > 0, and also |u'(a;)| < u{x)e‘"'^ /e, for all x G [cr, tq] such that 
u'{x) < 0. The proof follows the same argument as in [12], observing that the 
auxiliary function 

h{u{f))d^ 


$: a; !->■ u'{x) exp^y 


is non-increasing on J. 

Let A be the first (positive) eigenvalue of the eigenvalue problem 


+ e-^^\a{x)g} = Q 

(p{ao) = ip{To) = 0 . 


We fix a constant M > 0 such that 


M > A. 


From (14.61) it follows that there exists a constant R = R{M) > 0 such that 

g{s) > Ms, y s > R. 
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By contradiction, suppose there is not a constant Rj > 0 with the properties 
listed above. So, for each integer n > 0 there exists a solution > 0 of (SSI) 

with maxa;gj zi„(a;) =: i?„ > n. For each n > R we take Xn € J such that 

Unixn) = Rn and let C J be the intersection with ]cr, r[ of the maximal 

open interval containing Xn and such that Un{x) > R for all x € We 

fix an integer N such that 


N> R + 


RTe'^^'^ 

e 


and we claim that 3 [(To,to], for each n> N. Suppose by contradiction 

that (To < ^n- In this case, we find that «.„(<?„) = R and > 0. Moreover, 

u'ni^n) < Re^^je. Using the monotonicity of $, $(x) < $(<?n) for every x S 
['in,Xn] and therefore, using also (14.101) . we find u'{x) < je for every 

X € Finally, an integration on yields 


RTe^^'^ 

Tl ^ Rn — ^ R , 

e 

hence a contradiction, since n > N. A symmetric argument provides a contra¬ 
diction if we suppose that < tq. This proves the claim. 

So, we can fix an integer N > R such that Unix) > R for every x € and 
for n > N. The function Unix), being a solution of equation (14.9p . also satisfies 


Unix) 

y'nix) 


Vnjx) 

Pnix) 

Hn ix, Un ix) ) , 


where 

hiuniO)d^ 

and 

hiuniO)d^ 

Passing to the polar coordinates, via a Priifer transformation, we consider 


Hnix,Unix)) :=exp^y 


(^aix)giunix)) + avix)'^. 


Pnix) := 


Pnix)u'nix) = r„ ix) COS ix) , Un ix) = Xn (x) sin ix), 


and obtain, for every x £ , that 

_ cos^Mx) 

Pnix) 

^ COS^ T^nix) 
~ Pnix) 


Unix,Unix)) . 2 q / ^ 

---sm ^nix) 

Unix) 

Mpnix)aix) sin^ "dnix). 


We also consider the linear equation 

{e^^u')' + e-^^Maix)u = Q 


(4.11) 


and its associated angular coordinate i?(a;) (via the Priifer transformation), 
which satisfies 

^ = cos'^^ix) ^ 
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Note also that the angular functions dn and are non-decreasing in J^. Using 
a classical comparison result in the frame of Sturm’s theory (cf. [121 Chap. 8, 
Theorem 1.2]), we find that 

i?n(x) > i9(x), (4.12) 

if we choose i9(cro) = ^ln(o'o). Consider now a fixed n> N. Since Un{x) > R for 
every x G , we must have 

€ ]0,7r[, VxSJ®. (4.13) 

On the other hand, by the choice of M > 0, we know that any non-negative 
solution u{x) of (I4.11|l with u(ao) > 0 must vanish at some point in jcrojT)] 
(see [M Chap. 8, Theorem l.lj). Therefore, from i9(ao) = i9n(o'o) G ]0,7r[, we 
conclude that there exists x* G jcrojT-ol such that i9(x*) = tt. By (14.121) we have 
that 'i9n(x*) > TT, which contradicts (14.131) . 

By the arbitrary choice of J among the intervals R,..., Im, for each i = 
1,... ,m we obtain the existence of a constant Rj. > 0 such that any non¬ 
negative solution u(x) of (ITQI) . with a > 0, satisfies maxj,^ 7 ^ u(x) < Ri-. Finally, 
let us fix a constant R > xq (with rg coming from the first part of the proof) as 
in (I3.10L so that R > for alH = 1,..., m. 

Consider now a (maximal) interval contained in [0, T] \ h where 
a{x) < 0. For simplicity in the exposition, we suppose that lies between two 
intervals R where a(x) > 0, so that J = jr', (t'[, with r' e Ik and a' G Ik+i- 
Let u{x) be a non-negative solution of (14.91) . For x G J, equation (14.91) reads 
as 

u" + h{u)u' + a{x)g{u) = 0 

and therefore the auxiliary function $ is non-decreasing on J. If u'{x*) > 0, for 
some X* G [ t ', ct '[, then u'{x) > 0 for all x G [x*,a'], hence u[x*) < u{a') < R 
(because a' belongs to some interval li, where u{x) is bounded by R). Similarly, 
if u'(x*) < 0, for some x* G ]r',tT'], then u'(x) < 0 for all x G [t' ,x*], hence 
u{x*) < u{t') < R (because t' belongs to some interval U). Thus, we easily 
deduce that u{x) < R for all x G cl(jl) = [T',a']. The same argument can 
be easily adapted if J" = [0,cr'[ or J = ]t' ,T\ (with, respectively, a' G R or 
r' G Im), using the T-periodic boundary conditions. 

In this manner, we have found a constant R > xq such that any non-negative 
solution u{x) of (ITQI) . with a > 0, satisfies 

||u||oo < R- 

This shows that the first part of (iL/j) is valid independently of the choice of ag. 

Now we hx ckQ as in (13.111) . It remains to verify that for a = ao there are 
no solutions u{x) of gH) with 0 < u{x) < R on [0,T]. Indeed, if there were, 
integrating on [0, T] the differential equation and using the boundary conditions, 
we obtain 

fT .T 

'all'yllii = Q! / v{x) dx < / |a(x)|( 7 (u(x)) dx < ||a|| 7 ,i max g{s), 

Jo Jo 0 <S<R 

which leads to a contradiction with respect to the choice of ao- Thus {Hb) is 
verified. 

Having verified (Hr) and (Hb), the thesis follows from Theorem 12.11 with Re¬ 
mark 12.11 □ 
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5 Final remarks 


In the setting of the Dirichlet (two-point) boundary value problem associated 
to equation 


u" + a{x)g(u) = 0, 


it is known that, in the superlinear case, multiple positive solutions can be ob¬ 
tained when the weight is sufficiently negative in some intervals. More precisely, 
writing explicitly the dependence of a{x) on a real parameter /i > 0 which con¬ 
trols the negative part, the following result can be given for the boundary value 
problem 

i u” + af,{x)giu) = 0 

I ?r(0) = u{T) = 0, ^ ^ 


with 


a^{x) := {x) — g,a (x). 


Theorem 5.1. Let g{s) 


be a continuous function satisfying {gi) and such that 


lim 

s—»- 0 + 



lim = -boo. 

s—>-+oo s 


Then there exists /i* > 0 such that for each g > fi* problem (EH) has at least 
2™ — 1 positive solutions, where m > 1 is the number of positive humps of the 
weight function which are separated by m — 1 negative humps. 

For this result and the precise technical assumptions which are needed, see 
m- In this setting (due to the boundary conditions), by positive solutions we 
mean solutions which are positive on ]0,T[. Previous versions of this theorem 
have been obtained for g{s) = s'^ with 7 > 1 in [521 US] in the ODE case (using 
the shooting method) and in |9] for PDEs (using a variational approach). Fur¬ 
ther progresses in this direction have been achieved in EH HZ] for the Dirichlet 
problem for PDEs. 

Concerning the boundary conditions considered in the present paper, mul¬ 
tiplicity results have been recently provided in m for the Neumann problem 
(using the shooting method) and in |4] for the periodic problem (using a varia¬ 
tional approach). It seems reasonable to adapt our arguments to problem 


I u" + a^{x)g{u) = 0 , 0 < x < T, 

I 3S(u, u') = 0, 

in order to obtain multiplicity results when /i > 0 is sufficiently large. 


6 Appendix 

In this section we present two results concerning the solutions of the bound¬ 
ary value problem 

iu" + h{x,u)=0 
I t^{u, u') = 0, 
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where h: [0, T] x R —>■ R is a L^-Caratheodory function. As in rest of the paper, 
by £§{u,u') = 0 we mean the Neumann or the periodic boundary conditions on 

[o,r]. 

The first result is a maximum principle that ensures the non-negativity or 
the positivity of the solutions to problem (EH). In the applications, for example, 
we have h{x, s) = a{x)g{s). 

Lemma 6.1. Let h: [0,T] x R —>■ R 6e a -Caratheodory function. 

i^) If 

h{x,s) > 0, a.e. x S [0,T], for all s < 0, 
then any solution of EH is non-negative on [0,T]. 

{ii) If h{x,0) = 0 and there exists q € L^([0,T],R+) such that 

I/zfxj s) I 

limsup-^^ < q{x), uniformly a.e. x € [0,T], 

s—^■0+ ^ 

then every nontrivial non-negative solution u{x) of EH satisfies u{x) > 
0, for all X G [0, T]. 

Proof, (i). By contradiction, suppose that there exists a solution u{x) of EH 
and X G [0,T] such that u{x) < 0. Let \x\,X 2 [ C ]0,T[ be the maximal open 
interval containing x with u(x) < 0, for all xi < x < X 2 . Since u''{x) < 0 for 
a.e. x G [xi,X 2 ], an elementary convexity argument shows that 0 < a;i < a;2 < T 
is not possible. Similarly, also u{x) < 0 for all x G ]0, T[ can be excluded, other¬ 
wise, 0 > u"{x) dx = u'(T) — u'{0), contradicting the boundary conditions. 

Hence, there are only two possibilities: either xi = 0 and X 2 < T, or 0 < xi and 
X 2 = T. Suppose a;i = 0 (the other case can be treated in a similar manner). 
In this case, u(0) < 0 and moreover m'( 0) > 0 (otherwise, by concavity, one 
has u{x) < 0 for all x G ]0,T], a situation previously excluded). This already 
gives a contradiction with the Neumann boundary condition at a; = 0. On 
the other hand, if we consider the periodic boundary condition, we have that 
u{T) = u(0) < 0 and u'{T) = m'( 0) > 0. Hence, by the concavity of u on 
the intervals where u{x) < 0, we obtain that u{x) < 0 for every x G [0,r[, a 
contradiction. 

{ii). By contradiction, suppose that there exists a solution u{x) > 0 of EH 
and X* G [0,T] such that u{x*) = 0 (so, u'{x*) = 0). 

We claim that there exists e > 0 such that u{x) = 0, for all x G [x*—£, a;*-|-e]. 
So that u = 0 on [0,T], a contradiction. 

From the hypotheses, we obtain that there exists 5 > 0 such that 

|/i(a;,s)| < qi{x)s, a.e. x G [0,T], VO < s < <5, 

where <71(2:) := q{x) -\- 1. Using the continuity of u{x), we fix e > 0 such that 
0 < u{x) < 5, for all x €[x* — e, x* -I- e]. 

We use II (Cl ) ^2) II = IC1I + IC2I as a standard norm in R^. For all x G ]x*,x*-\-£\ 
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we have 


0 < ||(M(a:), m'(x))|| = |u(a;)| + |w'(a;)| = u(x) + |u'(x)| = 

pX pX 

= u{x*) + / u'(^)d^+ u'{x*)+ / -h{^,u{^))d^ 

J X* J X* 

< f \u'{^)\d^+ [ \h{^,u{S,))\d^ 

J X* J X* 

< r\qi{o\um + \u'm]d^ 

< ridi{o + mum + wm)dc 


Using the classical Gronwall’s inequality, we attain 

0 < u{x) < ||(u(x),u'(x))|| = 0, Vx G ]x*,x* +£]. 

With an analogous computation one can prove that it(x) = 0 for all x G [x* — 
£,x*[. Hence the claim and (ii) are proved. □ 

Remark 6.1. The maximum principle just presented can be also stated for the 
more general boundary value problem 


u" + f{x,u,u') = 0, 0 < X < T, 

£§{u, u') = 0, 


where /: [0, T] x R x K —>• R is a L^’-Caratheodory function as in Section [521 
hence equal to —s for s < 0 and satisfying conditions (/i) and (/2). The proof 
of this result is the same as that just viewed with minor changes. <1 

The following result provides a priori bounds for non-negative solutions on 
the intervals where h(x, s) is non-negative. This lemma is used in the verification 
of condition (Hu) in Theorem 13.11 and Theorem [521 In a way, it is employed to 
compute the coincidence degree on large balls. 

Lemma 6.2. Let h: [0, T] x R —^ R 6e a -Caratheodory function. Suppose 
there exists a closed interval J C [0, T] such that 


h(x, s) > 0, a.e. X G J, Vs > 0; 

and there is a measurable function qoo G L^(J, R+) with qoo ^ 0, such that 
h(x, s) 


lim inf ■ 

s—>-+oo s 


> qoo{x), uniformly a.e. x G J. 


( 6 . 2 ) 


Let pLj be the first positive eigenvalue of the eigenvalue problem 

(fi" + Xqoo{x)(p = 0, (^loj = 0, 

and suppose that /rj < 1. Then there exists Rj > 0 such that for each Cara- 
theodory function k: [0, T] x R'*' —> R with 

k{x, s) > h{x, s), a.e. x G J, Vs > 0, 
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every solution u{x) > 0 of the BVP 


u" + k{x^ u) = 0 
u') = 0 


(6.3) 


satisfies uiax^^j u{x) < Rj. 

We stress that the constant Rj does not depend on the function k{x,s). 
Notice also that our assumptions are “local”, in the sense that we do not require 
their validity on the whole domain. 

Proof. Just to fix a notation along the proof, we set J ;= [a;i,X2]. By contra¬ 
diction, suppose there is not a constant Rj with those properties. So, for all 
n > 0 there exists Un > 0 solution of (ESI) with maxx^j Unix) =: Rn > n. 

Let Qnix) be a monotone non-decreasing sequence of non-negative measur¬ 
able functions such that 


hix,s) > qnix)s, a.e. x G J, \/s > n, 

and Qn —>■ (7oo uniformly almost everywhere in J. The existence of such a 
sequence comes from condition (1121). 

Fix e < (1 — Hj)f2. Hence, there exists an integer > 0 such ^ 0 for 
each n > N and 

t'n < 1 — £, V n > iV, 

where t'n > 0 is the first positive eigenvalue of the eigenvalue problem 

If" + \qnix)ip = 0 , ip\dj = 0 . 


Now we fix N as above and denote by Lp the positive eigenfunction of 

j ip" + VNqNix)ip = 0 

1 Pixi) = Pix2) = 0 , 


with lly^lloo = 1- Then ipix) > 0, Va; £ ]a;i,a;2[, and ip'ixi) > 0 > ip'ix 2 ). 

For each n > N, let C J be the maximal closed interval, such that 

Unix) > N, 'i X G J'n- 

By the concavity of the solution in the interval J and the definition of J^, we 
also have that 

Unix) < N, MxGJ\Jn. 

Another consequence of the concavity of Un on J ensures that 


Unix) > - - —minfa; — a;i,a;2 — x}, Vx £ J, 

X 2 — Xi 

(see [23] for a similar estimate). Hence, if we take n > 2N, we find that 
Unix) > N, for all x in the well-defined closed interval 


: — 


xi + ^^(X2 - a;i),X2-^(X2 - Xi) 

^n, -itTi 


c JL. 
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By construction, meas{J \ J^) < meas{J \ An) —5- 0 as n ^ cx). 

Using a Sturm comparison argument, for each n > N, we obtain 

r -| X = X2 

0 > Unix2)ip'{X2) - Un{xi)ip'(xi) = U„{x)ip'(x) - Un{x)ip{x) 

L J x—xi 

d [ 1 

= J U„(x)(p'(x) - Un{x)(p{x) dx 

= J Un{x)(p''(x) - Un{x)(p{x) dx 
= j -Un{x)vNqN{x)ip{x) + k{x,Un{x))ip{x) dx 
= J k{x,Un{x)) - VNqN{x)un{x) ip{x) dx 
> J h{x,Un{x)) - L'NqN{x)Un{x) ip{x) dx 

= j h{x,Un{x)) - qN{x)un{x) ip{x) dx + {1 - i^n) j qN{x)Un{x)ip{x) dx 
+ / h{x,Un{x)) - VNqN{x)un{x) ip{x)dx. 

J 1\ V <- J 


Recalling that 


we know that 


h{x,s) > qN{x)s, a.e. x G J, \/s> N, 


h{x,Un{x)) — qN(x)un{x) > 0, a.e. x G Jn, \/n>N. 

Then, using the Caratheodory assumption, which implies that 
\h(x,s)\ < 7Ar(a;), a.e. x G J, \/0 < s < N, 
where yjv is a suitably non-negative integrable function, we obtain 

0>J^ h{x,Un{x)) — qN{x)Un{x) (p{x) dx + {1 — Vn) j qN{x)Un{x)(p{x) dx 

+ / h{x,Un{x)) - VNqN{x)un{x) (p{x) dx 

> eN / qM{x)ip{x) dx + / —jn{x) — NiyNqN{x) dx 
dJ'n d L J 

= eN / q]\[{x)(p{x) dx — eN / qM{x)(p{x)dx 

dj dj\j^ 

- / jNix) + NieNqN{x) dx. 

d,7\,/; L J 

Passing to the limit as n —7 oo and using the dominated convergence theorem, 
we obtain 


0 > J qN{x)(p{x) dx > 0, 


a contradiction. 
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Remark 6.2. We note that the Neumann or the periodic boundary condition 
in problem (16.31) has no role in the proof of Lemma 15^ In fact, the key point is 
that we deal only with non-negative solutions of the equation u" + k{x, u) = 0. 
Consequently, the same thesis holds also when the relation u') = 0 defines 
any boundary condition. <1 
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